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1. INTRODUCTION 
For the differential equation 
Y” + P(X) Y(X) = 0 (1) 
with x, y(x) real, and p(x) real-valued, positive, and integrable over an inter- 
val I, finite or infinite, we shall here construct in an elementary manner an 
approximate solution by quadratures on an x-interval X C I, finite or infinite, 
for which the property P : p(x) > 1 is possessed by p(x) (for a positive p(x) 
one can often make p(x) acquire that property by a mere change of scale of x). 
If X is [a, b], the solution of (1) may or may not be oscillatory (i.e., having 
an infinite number of zeros on [a, co)), but the latter alternative does not 
preclude the existence of a finite number of zeros on [a, b], and it is this 
oscillatory part of the solution which is given by our approximate solution. 
If X is [u, co), the solution of (1) is oscillatory, by the Leighton-Wintner 
oscillation theorem, and then our approximate solution is valid on [a, CO). 
The approximation to the solution of (1) here presented may be extended 
to any desired degree of accuracy, depending on the number of quadratures 
one is willing to perform. 
The solution given is new, for it is related neither to the WKB approximate 
solution, nor to the Keller-Keller series solution [l] (which has the 
WKB solution as its first term). It is well known that the WKB solution is 
applicable only if the inequality 
holds, a condition which demands that p- l/4 be a slowly-varying function 
of x. In contrast to this restriction in the WKB solution, our solution is 
valid whatever be the rate of variation of p(x). The Keller-Keller solution 
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also does not involve such a restriction on p(x), but it requires too many 
quadratures, in the case that p(x) does not vary slowly, to be of any practical 
value. 
We shall illustrate the application of our solution by obtaining a fairly 
accurate closed-form expression for the Bessel function J,,(t) on [3, 00); 
in particular, this enables one to derive a closed-form expression for the 
zeros of J,,(t) (which, incidentally, cannot be done by the WKB method). 
For convenience we shall first give a substitution which may transform a 
given equation 
2 + w(t) z(t) = 0, 
where w(t) is positive but does not possess property P over the t-interval 
under consideration, into an equation of the type (1). Setting t = s(x), with 
S’(X) > 0 on the corresponding x-interval, and z(t) = d/s’y(x), we get 
where 
y” + P(X) y(x) = 0, 
p(x) = Pw{s(x)} - + /gz + g ]$I’. 
A proper choice of s(x) may cause p(x) to possess property P on X. As in the 
example to be given below, a change of scale, t = /Ix (/3 a real constant), with 
z(t) = y(x), is often adequate for this purpose. 
2. THE APPROXIMATE SOLUTION 
We consider Eq. (l), for which p(x) > 1 on [u, b] or on [a, co) as the case 
may be, with the initial conditions y(a) = y,, and y’(u) = y,,‘. Making in (1) 
the substitutions 
we get the system: 
Y = exp {+>> sin C(x), 
Y’ = exp {+)I ~0s 544, 
l-p. u’ = 2 sm 24, 
(pp+l 1-P-l 
2 i 
__ cos 24 ) 
Pfl 1 
with the initial conditions: 
exp +(a>> = exp a0 = Lvo2 + (Y~‘)~I~/~, 
g%(u) = do = arc sin {y. exp (- uo)} = arcos {yo’ exp (- ~~0)). 
(2) 
(3) 
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Integrating (3), we get 
(4) 
For P(X) > I as assumed, we have 
s5p_L1=1-E, 
PSI 
O<r<l. 
Regarding 6 in the integrand on the left-hand side of (4) as a constant in a 
first approximation (or, equivalently, expanding the integrand, integrating by 
parts, neglecting the variation of 6, and summing the result), we get 
so that a first approximation, &(x), for the solution of (3) is given by 
where 
0 ~ k PM + 1 
P(x) + 1 s 
‘{p(x) + l> dx, 
a (6) 
and K is defined (partially) by 
tan k = dp3) tan $,, = k$&?) $ 
From (5) we get 
sin+, = 
dZ sin 0 
{p + 1 +(p - l)cos2e)11a; (7) 
thus, since 0 = k corresponds to $r = +a , we see that sin k has the same sign 
as sin 4s , and similarly for the cosines, so that k lies in the same quadrant as 
$e (this point should be remembered in applications). 
Substituting from (7) into (2), we get the first approximation 
u,(x) = u(J - 
s 
z +J (p - 1) sin 20 dx 
a p + 1 + (p - 1) cos 28 ’ (8) 
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so that a first approximation for y(x) is given by 
Ylc-4 = 
d/z sin 8 
(p + 1 + (p - 1) cos 28)1/2 
x exp us - 
I .i’ 
z di(p - 1) sin 28 
p + 1 + (P - 1) cos 28 (9) CL 
in which 8(x) is given by (6). 
The zeros ofy,(x) are those values of x making 8(x) an integral multiple of z- 
(and are obtained from (6)), together with those for which p(x) + 03. 
We shall now effect a simplification of yi(x), valid for a certain wide class of 
functions p(x). From (6) we have 
$=dj- (P-l)P’ 
e&J + II2 
[@$$$-+ j:(P+l)+ 
which may be approximated by 
provided 
(P + 1) dx i gp+ (P + l)‘, (11) 
a condition which is frequently fulfilled in applications. (In case the above 
inequality is not fulfilled, it may be worthwhile to seek a change of variable 
as given at the end of Section 1, such that the inequality is satisfied by the 
resulting p). With the approximation in (lo), Eq. (8) becomes 
q(x) =a,, - j:iG[l +~~cos28\p1sin28d8 
“Os++log 1 + 
I 
p(x) - l cos 28 
P(x) + 1 1 
which leads to the simplified approximate solution: 
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In (12) we have retained the original value of 6’(x) given by (6), instead 
of using the one obtainable by integrating the approximation (lo), since the 
latter involves the usually intractable integral sp1/2dx (which is the integral 
occurring in the WKB and the Keller-Keller solutions, and is considered an 
inconvenience in practice). Even if we use that integral in (12), our simplified 
solution would differ from the WKB solution. 
A second approximation for y(x) is obtained by substituting for #(x) from 
(7) into the right-hand side of (3) and integrating, which yields 
PdX 
p + 1 + (p - 1) cos 28 ’ 
then obtaining from (2) a second approximation for a(x), leading to the 
second approximation: 
y2(x) = sin C2 . exp[00-~{~(p-1)sin2+,d~/. 
3. APPLICATION TO THE ZERO-ORDER BESSEL EQUATION 
As an example we consider the zero-order Bessel equation in normal form, 
2-11 +-&+=o, o<T<t<CO 
which has the solution 
z(t) = d t z-o(t), 
where 2, denotes either one of the two kinds of Bessel functions. Making 
the substitution t = /3x (/F > l), with z(t) = y(x), we get Eq. (1) with 
PC4 = B” + & 9 o<a=+x<co 
the initial conditions being 
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Thus 
tan k = dm z3w 
q)(T) - 27 q(T) * 
Assuming for the moment that inequality (11) is satisfied on [~/j?, co), we 
shall use the simplified first approximation (12). Using (12) and reverting 
to the original variable, we get 
T(fl’ + ($/4T2) + 1> (zob,>” I/2 
Zo(t) = 
I 
+ {[4T2/(1 + 4T2)] + 8”) ((z,(T)/2 6) - 47 ZI(T)}~ 
- 
(8” + 1) t + 8”(4t)-l / 
. sin k (8” ’ 1 f (82/472))_ 
! 
1 + (4t2)-’ 
TP + 1 + (P/4t2)l 1 + (4T2)-1 
+ 1/m 2tfi2 + l) t2 + {(p/27) - 27(p2 + 1)) t - (/32/2) 
4(P2 + 1) t2 + 8” 
For pz sufficiently large, we get 
zow = I 
iT + (27)-9 {ZO(~);;~~~) -&tT) + T{z~t’-)>8 “’ 
1 I 
1 + (4T2)-’ 
1 + (4P-1 + 
(4t + T-‘) (t - T) 
2 2/4t2 + 1 
For J&t), in order to obtain the correct phase as t -+ co, we set 
k d/1 + (4T2)-1 = ; 
and choose the initial point T to satisfy the transcendental equation 
tan ----Z-- 
I 4 dl + (4T2)-1 I 
{JO(~) - 2TJ,(T)) = - Jo(T), 
together with the stipulation that each side be positive (for k is in the first 
quadrant). Thus the least value of 7 > 0 is found to be 7 = 6.3006, for which 
Jo = 0.2239 and J1 = - 0.2079. 
Now for p large enough, inequality (11) becomes 
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which is seen to be satisfied, as previously assumed, for T < f < CD, so that 
our use of the simplified solution is justified. 
Thus, for Jo(t) we get the first approximation : 
valid strictly on r6.3006, co), but also found applicable on [3, co), with an 
accuracy sufficient for many physical applications. The factor 
f+ + PY) ~Jo(~)>2 - Jo(T) .Jl(T) -t T{“71(T)>“>“” = 0.79919 
is seen to be very close to 1/2/r = 0.7979, the factor occurring in the well- 
known asymptotic expression. It does not seem very likely that this remark- 
able closeness is pure coincidence; it may rather be interpreted as indicative 
of the accuracy of the approximation. 
For the zeros of J,,(l), a closed-form expression can easily be derived by 
solving an obvious quartic equation (which may be reduced firstly to a cubic 
for t > 20, by writing 2t f (4t)-l for (4t2 + 1)112, and then to a quadratic 
for t > 100). We note that these zeros are the same as those given by the 
first approximation in its original form (9). 
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